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(i) Answer all questions. (ii) Br(z0) := {z ∈ C : |z − z0| < r}. (iii) Cr(z0) := {z ∈ C :

|z − z0| = r}. (iv) U ⊆ C open. (v) Hol(U) = {f : U → C holonorphic }.

Q1. (10+10 = 20 marks) True or False (with justification)?

(i)
∑∞

n=0
2n

n!
z3n is an entire function.

(ii)
1

πi

∫
Ce(0)

1 + ez + ez

(z − 1)3
dz = e.

Q2. (15 marks) Let f ∈ Hol (U) and f has a zero of order m at z0 ∈ U . Prove that

1

2πi

∫
Cr(z0)

f ′(z)

f(z)
dz = m,

for some r > 0.

Q3. (15 marks) Prove that
∑∞

n=0 anz
n is holomorphic on B1(0), where

∑∞
n=0 |an|2 < ∞, an ∈

C.

Q4. (8+7 = 15 marks) Let f ∈ Hol (C). What can you conclude about f :

(i) when f(C) ∩B1(0) is an empty set.

(ii) when f , restricted to R, is a 2π-periodic function.

Q5. (15 marks) Let f be a continuous function on U and ef(z) = z for all z ∈ U . Prove that

f ∈ Hol(U). Compute f ′.

Q6. (15 marks) Let D be a domain in C and f ∈ Hol(D). Prove that∫
γ

f(z)f ′(z) dz

is purely imaginary, where γ ⊆ D is a simple closed curve. [Hint: 2Real z = z + z̄.]

Q7. (15 marks) Let H := {z ∈ C : Real z ≤ 0}. Prove that

|ez − ew| ≤ |z − w|,

for all z, w ∈ H.

Q8. (15 marks) Let f ∈ Hol(C) and

f ′′(
1

n
) + f(

1

n
) = 0,

for all n ∈ N. Characterize f .
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